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Abstract 
This paper proposes new type of combined mode and route choice network equilibrium model where the travellers are assumed 
to choose their mode considering whole of their trip-chain and the common lines problem is considered in the public 
transportation assignment. In the proposed model, the nested-logit type of mode and route choice structure is assumed for 
travellers’ mode and route choice. The proposed model is formulated with the Variational Inequality Problem and the relaxation 
method is applied to solve the proposed model. Finally, the proposed model is applied to a small network. 
Keywords: Combined mode and route chice network equilibrium model; Trip chain; Variational Inequality Problem; Relaxiation method  
1. Introduction 
The network equilibrium model is one part of the four-step travel forecasting model and a useful tool for long-
term transportation planning. Since the beginning of the network equilibrium models only consider one mode 
(mostly, automobile), one of the drawback of the beginning network equilibrium model is the inconsistency between 
other steps. To overcome this drawback, many researchers proposed network equilibrium model which combines 
mode and route choice (Oppenheim (2005) , Nagao .et. al. (2009)) or which further combines trip generation, mode 
choice and route choice (Oppenheim (2005)). Although many of the traditional combined equilibrium models treat 
the passengers’ assignment to the public transportation network as the same methodology of the traditional road 
network assignment, it is well know that “common lines problem” is one of the key essences to be considered in the 
passengers’ assignment to the urban public transportation network. Common lines problem is defined as a feature 
that a passenger who takes the first vehicle to come on his/her “attractive lines” can get to his or her destination 
earliest (See Chiriqui et al. (1975)). The set of “attractive lines” is referred as “hyperpath”. (Nguyen et. al. (1988)). 
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Recently, Gracia et. al. (2005) and Uchida et. al. (2007) proposed a combined mode and route choice network 
equilibrium model which consider “common lines problem” is passengers’ assignment model. 
All of the combined equilibrium models mentioned above are based on trip-based approach, in which travellers 
are assigned in the trip unit. Therefore, even if a person travel more than two trips in a day (which is not a rare case 
in reality), their trips (in short, trip-chain) is divided into a single trip and treat as if different persons travel each of 
the trip. This assumption might cause underestimate the effect of the improvement of the public transportation 
service since a traveller who chooses an automobile might shift to the public transportation regarding to a part of 
their trip-chain but they are allowed to stick to an automobile regarding to the rest of their trip-chain. (In reality, 
travellers would change their trip modes regarding to whole of their trip-chain.) To overcome this problem, 
Maruyama et. al. (2005) proposed a trip-chain based network equilibrium model and they further evaluate the area-
based cordon pricing scheme using their proposed model. (Maruyama et. al. (2006)) One of the features of their 
model is that it is a simple extension of the traditional equilibrium model and it can applied to the traditional 
solution algorithm. 
Based on these backgrounds, this paper proposes a trip-chain based mode and route choice network equilibrium 
model which considers “common lines problem” in a transit assignment. The expression of trip-chain in a network 
follows Maruyama et. al. (2005). The rest of the paper structure is as following; Section 2 formulates the proposed 
model and Section 3 shows the solution algorithm of the proposed model. Then, Section 4 illustrates a case study for 
a simple network and finally, Section 5 summarise the paper. 
2. A trip-chain based combined mode and route choice network equilibrium model 
2.1. Assumption of the model 
In this paper, two travel modes are assumed to be available; private car (automobile) and public transportation 
system with walking arcs. We only consider buses as the public transportation system, whose travel time is affected 
by the number of private cars on roads but not affected by the number of passengers on buses. Under this 
circumstance, we consider a nested-logit distribution to model the disaggregation of the demand by modes and 
routes as shown in Figure 1 . In this framework, the travellers are assume to choose their travel mode by considering 
the cost of the trip chain, and then, they are assigned to the private car (PC) network and the public transportation 
(PT) network according to the mode choice probabilities. 
 
Private Car PublicTransportation
Update Link
Travel Time
Mode Choice
(Logit Model)
Route Choice
(Route of shortest
travel time is chosen)
 
Figure 1 Structure of the proposed model 
Therefore, the probabilities that a person of taking trip chain n choose PC and PT are defined as following; 
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where cnm is the cost of trip-chain n using mode m={PC, PT} and T is the dispersion coefficient parameter. 
Following Maruyama and Harata (2005), trip chain nѮN is denoted by a predetermined ordered set of nodes 
representing activity locations; n={n1, n2, ..., nk}. Using a binary variable Knrs ,which takes 1 if trip-chain n contains 
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OD pair rs (i. e. n={... r, s, ...}) and 0 otherwise, the trip-chain cost using mode m, cnm, is expressed as the 
summation of the cost of a trip between rs using mode m, crsm as following; ^ `PTPCmcc
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Furthermore, the volume of trip-chain n using mode m, qnm, is divided into the volume of trip between rs using mode 
m, qrsm, which is further divided into the volume of path k using mode m as following; ^ ` SsRrPTPCmqq
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where Krs is the set of paths between rs. Hence, although the travellers are assumed to choose trip mode considering 
the cost of whole of the trip chain in this paper, the assignment is conducted based on a trip. 
2.2. Cost of the hyperpath in the transit assignment model 
In the transit assignment model, the common lines problem, which is essential for transit assignment in networks 
for which uniform passenger arrival can be assumed, is considered in the public transportation assignment. 
Therefore, the cost of the hyperpath p with given OD pair rs, gp(x, y) is assumed as following; 
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where x and y is a vector of flow in PC and PT network. Dap and Ekp respectively is the link and node traverse 
probability in the PT network (See, Kurauchi et. al. (2003)). ta(xa) is the travel time of link a in the PC network. fl is 
the frequency of line l in PT network. vbil and vil respectively is the number of passengers on line l in PT network 
who desire to board at node i and who already on board before node i. Ca and Sl is the capacity of link a in PC 
network and line l in PT network. D, E, J and G are parameters. W  represents for the value of time; Wd for driving PC 
time, Wb for boarding PT time, Ww for waiting PT time, Wf for walking time. The first term of Equation (6) represents 
the expected travel time of hyperpath p, where the travel time on link a, ta(xa), is affected by the number of vehicles, 
xa, (but is not affected by the number of passengers in the PT network) as shown in Equation (7). The second term of 
Equation (6) represents the expected waiting time of hyperpath p. In the PT network, as the number of passengers 
becomes larger, the possibility of not boarding the vehicle becomes larger due to the congestion. In order to 
represent such the congestion effect, the idea of “effective frequency” (De Cea and Fernandez (1993)) is introduced 
in the second term of Equation (6) using Equations (9) and (10). If the number of passengers of the PT network is 
zero, the second term of Equation (10) is zero and hence, the effective frequency (shown in Equation (9)) coincides 
to the nominal frequency. However, if the number of passengers already on board or desired to board is large, the 
effective frequency becomes larger, as the result, the second term of Equation (6) becomes larger. 
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2.3. Equilibrium condition 
The equilibrium condition of the proposed model can be represented as following complementarily conditions. 
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where Nn is the minimum cost on trip chain n and * denote the optimal solutions. Equations (11), (12) and Equations 
(13), (14) respectively represent the complementarily condition regarding to the mode choice at the trip chain level. 
With the similar way to Chen et. al. (2007), it can be easily proven that these equations lead to the mode choice 
probabilities shown in (1) and (2). Equations (15), (16) and (17), (18) respectively represents the complementarily 
condition regarding to PC and the PT network. The equilibrium conditions shown from Equation (11) to Equation 
(18) can be formulated as the following Variational Inequality problem (VI-1); 
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where : is a feasible solution of (qPC, qPT, f,  y), which satisfies Equations (4), (5) and qnPC+qnPT=qn, ∀n∈N. VI-1 
can further be reformulated as following Variational Inequality problem (VI-2) (See, Appendix A). 
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(20) 
 
Note that the asymmetric cost function is assumed in order to consider the interdependency of travel time between 
PT and PC networks, there is no equivalent optimisation problem to above Variational Inequality problem and there 
might exist multiple solutions. 
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3. Solution algorithm 
Since the proposed model is formulated as Variation Inequality problem (VI-2) as shown in Equation (20), the 
following relaxation method is applied as a solution algorithm (Nagao et. al., 2009). 
 
Step 1 Initialisation. Set i=1; Find a set of feasible solutions (q, x, y). In this step, all the demands are assumed to 
carried by the car; i.e. qPC=q and qPT=0. 
Step 2 Solve the relaxation problem. Solve the following problem where the cost of the public transportation is 
fixed as the solution of the previous solution. 
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where crsPT(i) represents the cost of the public transportation between rs based on the demand of the 
previous iteration. Update the solutions; qPC(i+1)=qPC (i), qPT(i+1)=qPT (i), x(i+1)=x(i) and y(i+1)=y(i) where qPC (i), 
qPT (i), x(i) and y(i) are the solutions of (21). 
Step 3 Convergence test. If the difference of link travel times between in the PC and PT networks is not enough 
small, then set i= i+1, update the link travel times of the PT network and return to Step 2. Otherwise, 
terminate. 
 
The detail procedures to solve the relaxation problem in Step 2 is summarised as below. 
 
Step 2-1 Set j=1, and qPC(i,j)=qPC (i), qPT(i,j)=qPT (i) where qPC (i) and qPT (i) are the solutions of Step 2 at the previous 
iteration. 
Step 2-2 The trip chain-based demands, qPC(i,j) and qPT(i,j), are converted into trip-based demands, dPC(i,j) and dPT(i,j), 
using Equation (4). 
Step 2-3 The passengers demands are assigned to the PT network with combining the method of successive average 
and the absorbed Markov Chain model (See, Kurauchi et. al. (2003)). As the result, crsPT is obtained. Note 
that the link travel times in the PT network are fixed as the link travel times of the PC network at the 
previous iteration during Step 2. 
Step 2-4 Update the link travel times {ta(xa), ѦaA} of the PC network using Equation (7). 
Step 2-5 For each OD pair rs, calculate minimum route cost in the PC network, crsPC, based on {ta(xa), ѦaA}. 
Step 2-6 cnPT and cnPC are calculated using crsPT and crsPC. Then, following arbitrary variables is calculated. 
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Step 2-7 Assign QnPC(i,j) to the PC network based on {ta(xa)} and obtain the arbitrary variables zaPC(i,j). 
Step 2-8 Find 10 dd[  which minimises  )1,()1,()1,()1,( ,,,  jijijiPTjiPCZ yxqq , where 
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Y(i,j+1) is obtained as the result of Step 2-3. 
Step 2-9 If x is not converged, set j=j+1 and return to Step 2-2. Otherwise, go to Step 3. 
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4. Case study 
4.1. Calculation condition 
The proposed model is applied shown in Figure 2.  As shown in Figure 2, six bus lines are assumed and the 
capacity and the frequency of each line are shown in Table 1. The trip-chain based demand shown in Table 2 is 
assigned to this network. In these settings, OD-pairs 0-8 and 8-0 have more “attractive sets” in bus routes than the 
OD-pair 2-6 and 6-2, and other conditions to the demands are equal. Therefore, the asymmetric bus routes assumed 
here might cause the different tendency of the result between both trip-chain pairs. Parameters are set as following; 
T=0.003, D=2.62, E=5.00, Ca=4000, ta0=10, taw=10, J=10, G=1.0,Wb=13,Wd Ww =26 andWf=50 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2 Input network and bus lines 
Table 1 Capacity and frequency of each line 
Line-ID Capacity 
(passengers) 
Frequency 
(min) 
Route 
0 1250 10 0Ѝ1Ѝ2Ѝ5Ѝ8Ѝ7Ѝ6Ѝ3Ѝ0 
1 1250 10 0Ѝ3Ѝ6Ѝ7Ѝ8Ѝ5Ѝ2Ѝ1Ѝ0 
2 2500 5 0Ѝ1Ѝ4Ѝ7Ѝ8 
3 2500 5 8Ѝ7Ѝ4Ѝ1Ѝ0 
4 1250 10 3Ѝ4Ѝ5 
5 1250 10 5Ѝ4Ѝ3 
 
Table 2 Assumed trip-chain based demand 
 
 
 
 TC - ID  O D Volume 
0 
0 
0 
8 
8 
0 
10000 
10000 
1 
1 
2 
6 
6 
2 
10000 
10000 
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4.2. Convergence test 
Figure 3 shows the transition of PT volumes as accordance with the iteration. Note that the number of iterations 
here is the sum of the inner and outer loop of the solution algorithm. The reason why the PT volume does not transit 
continuously is that the travel time of PT network is updated by the result of link flows of PC network at the begging 
of the outer loop. (In this case, the calculation finishes after 8 times of outer iterations.) As the number of iterations 
increases, PT volume converges to around 8,800. Also, PT volume at the end of inner loop becomes closer as the 
number of outer loop becomes larger. Therefore, we can confirm that the proposed model reaches to the 
convergence point. 
 3000
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PT
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m
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Total-Iteration
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Figure 3 Number of iterations and PT volumes 
4.3. Comparison of the results obtained from Trip Based Model and Trip-Chain Based Model 
Secondly, let us compare the mode share and the equilibrium cost of the traditional trip based assignment model 
and that of proposed model. Figure 4 shows the cost of each trip chain and mode and Figure 5 shows the mode share 
of each trip chain. By the traditional trip based assignment model, the travellers are assigned to both modes by each 
trip based on the difference of the trip cost. On the other hand, by the proposed model, travellers are assigned to both 
modes based on the difference of the trip chain cost, which is summation of the each trip cost. Therefore, the cost 
difference with the proposed model is larger than that of the trip based assignment model as shown in Figure 4. As a 
result, as shown in Figure 5, the number of PT users is larger from the output of the proposed model than that of 
traditional trip based model. However, the difference of each mode users is smaller in TCID 1. This is because, as 
shown in Figure 4, the cost difference between both modes is small in both types of the model. 
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Figure 4 Cost of each mode and trip chain 
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Figure 5 Mode share of each trip chain 
4.4. Dispersion coefficient parameter T and its effect on mode choice  
Finally, Figure 6 shows the relationship between the coefficient parameter T for mode choice and the PC volume. 
From the definition of the mode choice probability shown in Equations (1) and (2), the cost difference between two 
modes does not affect the travellers mode choice behaviour when T is small. Therefore, the PC volume is close to 
5,000 in both trip-chain when T is small. However, PC volume becomes smaller as T becomes larger because the 
sensitivity of the cost difference for mode choice becomes larger. Figure 7 shows the relationship between the 
coefficient parameter T and the cost of each mode. When T is small, the cost of private car is larger in both trip-
chain. This is because of the road congestion due to the large number of PC users. However, as T becomes larger, 
not only the cost of PC but also that of PT decreases. This is because the number of PC users decrease, which cause 
reduction of link travel time. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 6 Relationship between the coefficient parameter T and PC volume 
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Figure 7 Relationship between the coefficient parameter T and the cost of each mode 
5. Conclusion 
This paper proposes new type of combined mode and route choice network equilibrium model where the 
travellers are assumed to choose their mode considering whole of their trip-chain. Furthermore, since the common 
lines problem is considered in the public transportation assignment, it is possible to describe the passengers' route 
choice behaviour more rationally. The proposed model is formulated with the Variational Inequality Problem and 
the relaxation method is applied to solve the proposed model. Finally, the proposed model is applied to a small 
network and the validity of the proposed model is confirmed. As a future work, since the proposed model remains to 
be a static model, it is worth considering a dynamic effect. Also, the proposed model would be applied to a real 
network. 
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Appendix A. Proof of equivalent between [VI-1] and [VI-2] 
By rearranging the order of Equation (19), the following equation is obtained. 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Also, the following equations are held (See, Appendix B); 
¦¦¦ ¦
  
 
Nn
PC
n
PC
n
Rr Ss Kk
PC
rs
PC
krs cqcf
rs
,
        
(24) 
¦¦¦ ¦
  
 
Nn
PT
n
PT
n
Rr Ss Hp
PT
rsp cqcy
rs
        
(25) 
Therefore, it holds that 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By substituting Equations (23), (26) and (27) to Equation (22), Equation (20) is obtained. 
Q.E.D. 
Appendix B. Proof of Equations (24) and (25) 
From Equations (3), (4) and (5), the left-hand-side (LHS) and the right-hand-side (RHS) of Equation (24) can be 
expressed as following; 
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Therefore, it is proven that the equation (24) is satisfied. Similarly, we can prove that the equation (25) is satisfied. 
Q.E.D. 
